Abstract. This note establishes that an integral homology 3-manifold has covering dimension equal to three.
The main result is that an integral homology 3-manifold has covering dimension equal to three. Its proof combines a "simple minded" general position argument that uses an elementary property of homology manifolds with the classical result that spaces whose integral cohomological dimension is at most one have covering dimension at most one. Since the class of integral homology 3-manifolds is invariant under Z-acyclic mappings, this proves an alternate proof to that in [KW] that images of cell-like mappings on 3-manifolds are finite dimensional and extends the result to include images of Z-acyclic mappings on 3-manifolds. (Not only does the proof in [KW] differ in that it relies heavily on the "Sphere Theorem" but also there is a serious obstacle to adjusting the proof so that it handles the latter case.)
Since Z-acyclic but not cell-like mappings on 3-manifolds cannot have locally simply connected images [Mc] , it is necessary to use Alexander-Spanier cohomology (equivalently, Cech cohomology) and its dual Borel-Moore homology to maintain sufficient generality to capture the result of the second corollary below (see [Bo and Br,] ). A locally compact separable metric space X is an integral homology n-manifold provided:
(i) X is cohomologically locally connected over the integers (clcz); i.e., for each x G X and neighborhood U of x, there is a neighborhood V of x with V c U such that the inclusion induced homomorphism ;'*: H*(U; Z) -» H*(V; Z) is trivial in all dimensions.
(ii) For each x G X, W-W;z).{°: ¡t:.
An assumption of local orientability, traditionally made, was shown in [Br2] to be a consequence of these three properties.
The dimension of a space X refers to its covering dimension and is denoted dim X (see [HW] ). It is known that dim X = dimz A" when dimz X < 1 and when dim X < oo ; but, when dim X = oo, the equivalence of these dimension theories has not been established (see [Wa] for a further discussion).
Main Theorem. // X is an integral homology 3-manifold, then (the covering dimension) dim X = 3.
Before stating two corollaries, we recall that a compactum A is cell-like provided every map of A to every polyhedron is null-homotopic (i.e., A has the shape of a point). A compactum A is Z-acyclic provided it is connected and Hq(A; Z) = 0 for q > 1. A proper mapping/: X -» Y for which each point inverse f'l(y) is cell-like (respectively, Z-acyclic) is called a cell-like (respectively Z-acyclic) mapping.
Corollary [KW] . The image of a cell-like mapping defined on a 3-manifold is a finite dimensional absolute neighborhood retract.
In the preceding situation, the image is an integral homology 3-manifold and, consequently, is finite dimensional; since the image is also locally homo topically connected, it is an absolute neighborhood retract (see [La, §3] ). In contrast, the image of a Z-acyclic map defined on a 3-manifold is generally not an absolute neighborhood retract but it is an integral homology 3-manifold. (This is essentially Wilder's Monotone Mapping Theorem in [Wi] ; verifying that properties (i)-(iii) are preserved involves repeated applications of the Vietoris-Begle Mapping Theorem and occasional uses of duality).
Corollary.
The image of Z-acyclic mapping defined on a 3-manifold is finite dimensional.
Proof of the Main Theorem. Since X is locally compact and locally connected, maps a: I -> X from the unit interval to X can be approximated arbitrarily closely by maps ä: I -* X such that dim &(I) < 1. (In fact, «î can be chosen to be an embedding but we need not be so discerning.) Specify a countable set of maps a¡: I -> X that comprise a dense subset of the space of maps a: I -* X endowed with the "supremum metric" topology; further, insist that dima,(7) = 1 for each i.
Observe that, for any closed subset K contained in A'\ U <*,■(/), the set U\K is nonempty and connected whenever U is an open connected subset of X. Since the only closed subsets of an integral homology «-manifold that have dimz > n -1 are those that either have nonempty interior or locally separate [Bo, p. 14] , it must be that dimz K < 1 and, therefore, dim K < 1 (see [Wa] ).
The Sum Theorem [HW, p. 30] assures that dim U«,(/)<1 and a result of Tumarkin [Na, p. 32 ] produces a Gs-subset G with Ua¡(I) C G and dimG< 1.
Finally, X\G is an ¿'"-subset and each closed subset has dimension at most 1; the Sum Theorem assures that dim( X\G) < 1. Finally, dim X =£ dim(X\G) + dim(G) + 1 < 3 [HW, p. 28] and, hence, dim X = dimz X = 3.
